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Introduction. The purpose of this note is to prove a theorem 
about orientations of submanifolds of certain Banach manifolds 
which includes some results of K.D. Elworthy and A.J. Tromba. 
Roughly we shall prove that if M, N and Q are Banach manifolds 
with a-structures and f: M ~ Q , g: N ~ Q are smooth transversal 
maps one of which is Fredholm and c-structure preserving, then 
the fibered product M xQ N is a manifold with a-structure which 
is orientable if M, N and Q are orientable. (The terms are ex-
plained below). The proof is conceptual and quite standard in the 
sense that it arises from extensions of standard methods of finite 
dimensional theory. The arguments will be accordingly brief. 
We refer to [1] and [5] for general information on concepts 
and properties of manifolds used in the sequel. 
1. For B a real Banach space, let L(B) be the Banach algebra 
of bounded linear operators under the norm topology and GL(B) cL(B) 
the multiplicative subgroup of invennble elements. Let c(B) cL(B) 
be the closed ideal of completely continuous operators and L0 (B) 
and GL 0 (B) 
operators of 
the subsets of L(B) and GL(B) 
the form I + T , T E c(B) • 
, respectively, of 
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Then GL0 (B) is a subgroup of GL(B) , and it is known that 
GL0 (B) has precisely two components, of, (3]. We denote the com-
ponent containing the identity SL0 (B) and the other sL;(B) 
Given a Banach manifold M modelled on B a c-structure on M 
is an admissible atlas (cpi'Uij maximal with respect to the pro-
perty: For any i,j the differential d(cpjcpi 1) at any point lies 
in GL 0 (B) • The c-structure is orientable if it admits a sub-
atlas for which the differentials actually lie in SL0 (B) An 
orientation is a subatlas maximal with respect to this property. 
Given a c-manifold M a submanifold M0 c M is a c-submanifold 
if there exist charts ( cpi, ui) E eM covering M0 with cpi (Ui n M0) 
open in the model space B0 c B of M0 • All finite dimensional 
submanifolds are clearly c-submanifolds. Other examples are given 
by the finite codimensional submanifolds. This is less obvious, 
and we outline the argument. First some preliminaries, 
A smooth map f: M ... N between c-manifolds'modelled on B 
is a c-map 
differential 
if for any local representative 
d(*jfcpi 1) at any point is in 
-1 
wjfcpi 
L0 (B) • 
of f the 
Now, given 
a Banach manifold M modelled on B and a Fredholm map f: M ... B 
of index 0 , there is a unique a-structure on M which makes 
f a c-map (with respect to the canonical a-structure on B). 
This fundamental observation is due to Elworthy and Tromba, The 
proof is short and simple and can be found in [2]. The argument 
being local the model B can actually be replaced by an arbitrary 
a-manifold modelled on B • This gives 
Theorem (Elworthy- Tromba). Let M, N be Banach manifolds on 
the same model, and let f: M ... N be a Fredholm map of index 0 
Given a a-structure eN on N , there is a unique c-structure 
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eM = f*cN on M making f a o-map. 
There is a straightforward generalization of this theorem which 
is useful. Suppose M and N are manifolds modelled on Banach 
spaces B and C , respectively, and f: M -+ N is a Fredholm map 
of index n with n > 0 , say. Then there is an isomorphism 
B ~ C x mn • Choosing one such we get a Fredholm map of index 0 
between manifolds modelled on a x mn 
By the theorem if N hence N x ffin has a c-structure,this pulls 
back uniquely to M by i o f • It is clear that this gives the 
unique a-structure on M such that f becomes a c-map in the 
following ex~d sense: For any local representative vjf~i 1 of 
f the differential d(vjf~i 1 ) at any point differs from the pro-
jection pr: C x mn .... C by a completely continuous linear map. 
It is easy to see that the induced a-structure eM depends on 
the splitting of B only up to completely continuous perturbations, 
i.e. if B ~· C x mn is another isomorphism such that the compo-
site B ~· C x Jmn ~ B is in GL
0 
(B) then the corresponding c1~ 
equals eM • If in stead f: M .... N is of index n ~ 0 , there is 
isomorphism C ~ B x mn and an analogous statement, the projection 
C X ffin -+ C being replaced by the injection B -+ B X ll1ln . Altogether 
Corollary. Let M, N be manifolds modelled on Banach spaces 
B, C respectively and f: M .... N a Fredholm map of index n • 
Let eN be a a-structure on N 
If n > 0 (n ~ 0) , then for any splitting B ~ C x ll1ln 
(C ~ B x ll1ln) there is a unique a-structure eM = f*cN on M 
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malcing f a c-map. eM depends on the splitting only up to com-
pletely continuous perturbations. ,. 
If N0 c N is a finite codimensional submanifold modelled 
on a closed subspace c0 c C , then any a-structure on N in-
duces canonically a a-structure on N0 since the inclusion map 
No c N is Fredholm and C splits over c0 canonically up to 
completely continuous perturbations. This makes N0 a c-submani-
fold of N Conversely,for any c-submanifold N0 of N the 
inclusion N0 c N is a c-map, hence the a-structure of N0 is 
the one induced from N • We collect these observations in 
In a manifold with c-structure every finite codimen-
sional submanifold (as well as every finite dimensional submani-
fold) inherits a unique a-structure which malres it a c-submani-
fold. 
The reader should notice that not every submanifold with c-struc-
ture need be a c-submanifold. We shall make use of the lemma 
later. 
2. If M is a c-manifold modelled on B , the tangent bundle 
rM is a bundle with fiber B and structure group GLc(B) . M 
is orientable if and only if can be reduced to an 
bundle. We shall look at general vector bundles with structure 
group GLc(B) • Since the Banach space B will vary during the 
discussion, we omit explicit reference to it and write GL, GLc, 
SL0 for the groups in question. A c-bundle is abbreviation for 
a vector bundle with structure group GLc • All base spaces are 
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assumed paracompact with the homotopy type of OW-complexes, 
A c-bundle is orientable if it admits a reduction of the 
structure group to SLc , which is of index 2 in GLc , Corres-
pending to the inclusion SL c 
c 
of classifying spaces p: BSL _, 
c 
there is the double covering 
([4] p,44). A c-blindle 
s over X is orientable if and only if a classifying map 
lifts to 
X 












s2 of s is up to isomorphism 
the pull-back f-*p s Clearly s is orientable if and only if s2 
has a section, If s is the bundle p: E _, X 
' 
denote s2 by 
p2 : E2 _, X • The pull-back of s by p2 is a c-bundle over 
E2 . We have bundle maps 
p~E .... E .... EGL E2 ... BSLc c 




.... .... .... 
E2 X BGLc X BGLc 
Hence p~s is classified by f s • p2 which lifts to BSLc , i, e, 
p~s is always orientable, In the case where X is a c-manifold 
M and s is the tangent bundle ,-M , 
bundle of the double covering manifold 
is just the tangent 
over M Hence for 
any c-manifold M the associated double covering T2M is an 
orientable c-manifold, 
Since s2 is a double covering, it is classified as such by 
a map from X into Jll(]!>00 = K(~2 , 1) , Let 
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be a classifying map, so that 
It follows that w(s) is the only obstruction to orienting s , 
Clearly w(s) = gg(w) , where wE H 1 (~00;~ 2 ) is the universal 
Stiefel -Whitney class, 
Next observe that if s s' are c-bundles, then so are 
s x s' and s $ s• (when base spaces coincide), We need the 
following 
Lemma, Let s, s' be c-bundles over X , Then 
w(s'tls') "'w(s) + w(s•) 
The standard proofs from finite dimensional theory involving the 
total Stiefel - Whitney class of a direct sum of vector bundles 
cannot be used, In stead we proceed as follows, 
Consider two c-bundles s, S' over X, X', respectively, 
with associated double coverings s2 , s2, Let t, t' be the 
fiber involutions on E2 , E2, respectively (same notations as 
above), Then t x t' is a fixed point free involution on E2 xE2 
which gives rise to a commutative diagram of covering maps 
where E2 '9 E2=E2 X E' 2 I \ X t ' and B2 X 1!'1 ~2 _, E2 
A 
•S> E2 is the 
A 
t\ A P2°P2 identification map. The notation s2 ') r;,2; E2 ® E2 --> x xx• is 
appropriate because if 
bundles to s 2 and S I 2 
associated line bundle 
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~2 and s' 2 denote the associated line 
A -
respectively, then s2 0 s2 is the 
to 
A 
s2 0 s2 • For the same reason, if 
is the diagonal, we write s 0 s' for 2 2 
Note that we have cononical natural isomorphisms 
A The operation 0 is functorial. Hence if 00 g : X _, liD!" and 
g I: co X' _,~ are the classifying maps for 
tively, so that 
are pull-backs, then so 
1\ 
E2 ® E' 2 
t g 













and s2 , respec-
Let ~t 2 be the universal covering s= _, D 00 , Then if 
h •, liDlll>'Xl X =c:o _, = 00 ' l · f · f (;;. ~ ~ mK 1S a c ass1 y1ng map or ~t 2 ~ ~t 2 , 
k = h 0 (g X g 1) 0 ll is a classifying map for s2 0 S2 By the 
Kunneth formula it is immediate that h~·(w) = w x 1 + 1 x w , 
hence (g xg')*h*(w) = w(s) x 1 + 1 xw(s') and k*(w) =w(s) +w(s•). 
In other words w(s $ s') = w(s) + w(s•) • This completes the 
proof of the lemma. 
Directly or from the relation with the associated line bundle 
it is easily seen that s2 ~ s2 if and only if s2 ® s2 'is tri-
vial, i.e. that s2 ~ s2 if and only if w(s) = w(s') . A map 
~: X_, X' is said to be orientable with respect to the a-bundles 
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over X, X' if or equivalently if 
~*(w(s•)) = w(~) . 
We close this section by some additional remarks concerning 
the lemma, If 0 _, s' _, s _, s11 _, 0 is a split exact sequence of 
C-bUndleS' then there are VeCtOr bundle iSOmorphismS S ;;;' S I ") S11 
In general this does not imply that w( s) equals w( s' ) + w( s11 ) 
(in contrast to the finite dimensional situation) since the dif-
ferent c-structures may not be related by the isomorphism. We 
point out a simple situation where they are related, First, if 
s, s' are two c-bundles over X VIi th the same fiber it is clear 
v1ha t we mean by a c-homomorphism s _, s' , More generally, if 
the fiber of one bundle is product by a finite vector space of 
the other it is still clear what to mean by a c-homomorphism 
s _, s' (cf, the corollary in section 1). Next consider two c-
bundles s', 1;; 11 over X and the trivial split exact sequence 
(I 0) (O,I) 
o ... s ;, s' ® s11 ... s11 ... o 
In this case we have w(s' ® s11 ) = w(s•) + w(s 11 ) by the lemma. 
Perturbing the trivial situation slightly yields the rather ob-
vious result: 
Given a split exact sequence of c-bundles 
0 _, S I (
'I 't) ('11 '11) J:,J J:,J 
... n' ® 'r1 11 ... g11 ... o 
where i' s' _, 'rl' 
'II 
an!l n11 i1. s 11 are c-homomorphisms. Then 
w( s' ) + w( s 11 ) = w( n' ® 'r1 11 ) = w( 'rl' ) + w( 'r1 11 ) • 
3. Let M, Q be Banach manifolds and f: M _, Q a smooth map. 
Let and be c-structures on and Q , respectively. 
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1 Then there are will defined orientation classes w('fM) EH (M;~ 2 ) 
and w('l'q) E H1(Q;z;2 ) Write w(f) = w('l'N) - f~(w('l'q)) = 
w('l'N) + f*(w(rrq)).f is orientable with respect to eM and cQ 
if w(f) = 0 , 
Suppose next that N is a Banach manifold and g: N ~ Q a 
Fredholm map which is transversal to f , Let P = M Xq N be 
the fibered product of f and g Then P is a manifold, and 





Moreover, if g is Fredholm of index n , then either P is 
empty or g is Fredholm of index n • We may therefore assume 
that p (when f. ¢) and N have c-structures cp = g·*cM and 
eN = g*c Q with respect to given splittings of the models (cf, 
corollary of section 1 ) • We can now state the result we have been 
heading toward, 
Theorem, r,et M, N and Q be c-manifolds and f: M _, Q , 
g: N ~ Q smooth transversal maps, Let P = M Xq N be the pull-
-back and g: P ~ M , f: P _, N the associated maps, Suppose g 
is Fredholm of index n , Then either P is empty or g is 
Fredholm of index n , Give P a c-structure cp = g*cM and 
assume eN= g*oq with respect to some splitting of the model. 
Then if g is orientable, so is g , and if f is orientable, 
-
so is f 
Before giving the proof we state some corollaries 
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.Corollary 1 • Let M, Q be c-manifolds, Q c Q 0 a submanifold 
of finite codimension n and f: M ..., Q a smooth map transversal 
to Qo • Write Mo for r1Q 0 and fo' go' g for the maps 
Mo .... Qo' Mo c M, Qo c Q Then Mo is either empty or an n-co-
dimensional submanifold of M , and if g , respectively f , is 
orientable, so is g 0 , respectively f 0 
This results from the theorem and the lemma of section 1, Specia-
lizing further we get 
Corollary 2, If M, Q and Q 0 are orientable, so is M0 
Corollary 3. If Q is finite dimensional and q E Q is a regular 
value of f, then the inclusion r1 q c M is always orientable. 
In partiqular r1q is orientable whenever M is. 
Proof Let Q be an open coordinate neighborhood of q . Apply-






we conclude that g' 0 is orientable. However is open in 
Ill and so the inclusion C 1Q c M is certainly orientable. 
f- 1Q eM is orientable, follows that the composite f -1 q c 
It 
QQ£8llary 4. Let N, Q be c-manifolds and g: N ..., Q a Fredholm 
map of index p such that g*cQ = eN (with respect to a splittmg 
of the modeD. Let Q0 c Q be an m-dimensional submanifold and 
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write No for g-1Qo and 0 g ' fo 
' 
f for the maps No _, Qo 
' 
N° c N 
' 
Qo c Q Then No is either empty or an (m+p)-dimen-





so is fo 
' 
respectively go • 
Proof, That N° is finite dimensional of dimension m + p is 
an elementary consequence of the Fredholm property. Since N° 
and Q0 are finite dimensiona~ they have unique a-structures 
and therefore 
Corollary 5, If N, Q and Q 
0 
Now apply the theorem. 
are orientable, so is 
Corollaries 2 and 5 and the last part of corollary 3 are due to 
Elworthy and Tromba, [3], Their proofs appeal directly to the 
definition of a orientation (cf, section 1) hence are more elemen-
tary but quite computational. We turn to the proof of the theorem 
of this section, 
Since f: M _, Q and g: N _, Q are transversal, there re-
sults a split exact sequence of vector bundles over P = M xQ N 
0 _, T _, g*T ffi f*TN _, f*g*TQ _, 0 p M 
induced by the maps in the pull-back diagram. This follows easily 
from the standard transversality theorem in the case where g is 
the inclusion of a submanifold, cf, [1] p.45 , The general case 
is deduced from the special by observing that f is transversal 
to g if and only if f x g : M x N _, Q x Q is transversal to 
the diagonal inclusion 6 c Q x Q , This yields the split exact 
sequence above, By the assumptions in the theorem all the bundles 
are a-bundles such that the maps Tp _, g*TM and TN _, g*TQ in-
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duced from ... g: P ~ M and g: N .... Q are c-homomorphisms. There-
fore also the pull-back f*rN ~ f*g-*rQ is a c-homomorphism. 
Then the final remarks of section 2 apply and shows that 
in 1 H (P;~ 2 ) or, since the Stiefel-Whitney class is functorial, 
w(rp) + f*g*(w(rQ)) = g*(w(rM)) + f*(w(rN)) 
Suppose g is orientable. Then g*(w(rQ)) = w(rN) , hence 
g*(w(rM)) = w(rp) showing that g is orientable. Similarly one 
gets that f is orientable if f is orientable (using the fact 
that f*g*(w( rQ)) = g*f*(w( rQ)) ) • 
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